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In 1964 R. Hahn raised the question if every infinite connected graph G has a 
spanning tree T with the same structure as G in the sense that every end of G is 
represented by precisely one end of T. We answer the question in the negative even 
for graphs of infinite connectivity (and hence with only one end). A negative answer 
was obtained independently by P. D. Seymour and R. Thomas and by P. Komjath. 
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Halin [ 1 ] defined an end of a graph G as an equivalence class under the 
equivalence relation N which is defined on the set of one-way infinite 
paths of G as follows: P, N P, iff G has no finite vertex set V such that 
PI - V and P, - V belong to distinct components of G - V. An end- 
preserving spanning tree T of G is a spanning tree such that the natural map 
from the ends of T into the ends of G is l-1 and onto. Halin [l] asked if 
every connected graph has an end-preserving spanning tree and he veritied 
this for countable graphs. In his review of 141, G. Sabidussi emphasizes the 
importance of Halin’s question and points out that it served as motivation 
for the profound work of Polat [Z]. 
We say that a graph G is a-connected (where a is a cardinal) if G - V is 
connected for each vertex set V of cardinality <a. If a is infinite, then 
clearly G has only one end. In this case an affirmative answer to Hahn’s 
question would immediately imply that G has a spanning tree with at most 
one end, and a simple additional argument (see [3]) implies that G in fact 
has a spanning tree with no infinite path at all. However, this is far from 
the case. In this note we prove 
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THEOREM. For each infinite cardinal ~1, there exists an u-connected graph 
G, such that each spanning tree of G, has more than a pairwise disjoint 
infinite paths (and hence more than a ends). 
Our graphs G, have cardinality (at least) 2*’ where a+ is the smallest 
cardinal greater than a. This raises the question if there are examples of any 
uncountable cardinality. R. Halin has informed the author that his question 
has recently been aswered independently and by different methods by 
P. D. Seymour and R. Thomas. E. C. Milner has informed the author that 
P. Komjath also has answered Halin’s question and that his methods are 
similar to those of the present paper. 
THE EXAMPLES 
The notation is the same as in [4]. Let a be any infinite cardinal. 
We choose cardinals B, y such that a < p and 28 < y. We denote by K, the 
complete graph with /I vertices. We construct a graph G obtained by 
joining a collection of pairwise disjoint KB-s in a tree-like fashion. G 
consists of pairwise disjoint graphs L,, L,, Lz, . . . (which we may think of 
as levels) and edges between consecutive levels. Each component of Lk 
(k20) is a KB. Lo is a single KB. Now suppose we have already defined 
Lo, L,, *.., JL, (k > 1). Then we define Lk (and the edges between L, and 
L,_ i) as follows. Let K be any component of Lk- 1 (i.e., K is a K,). Let I’ 
be any vertex set of cardinality a in K. Now we add y new pairwise disjoint 
K, - s. For each of the new K, - s, say H, we add a pairwise independent 
edges between H and V. We do this for each component K of Lk- I and for 
each V of cardinality a in K. For K fixed, V can be chosen in at most 
28 < y different ways. Hence L, has y components. By induction on k, we 
conclude that L, has y components for k 3 1. The resulting graph G is 
clearly a-connected. 
We show that G can play the role of G, in the theorem. More precisely, 
we prove that each spanning tree T of G contains a one-way infinite path 
in each of the y components of G-L,. To see this, let u,, be any vertex in 
L,. We assign an orientation to each edge of T such that all edges are 
directed away from uO. More precisely, every path in T starting from u,, is 
a directed path. If T has a directed path from u to u we say that Y is 
accessible from U. We will say that a component H in L, is strictly 
accessible from a vertex u in L, _ 1 if each vertex of H is accessible from u 
and, in addition, T has no edge directed from H towards L, _ i. (In other 
words, no vertex in L,- i is accessible from a vertex in H.) 
We claim that, for each component K in L, ~ i, there is a component H 
in L, such that H is strictly accessible from some vertex u in K. Let R 
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denote the subtree of T which is the union of all paths (in the undirected 
sense) in T which joins two vertices of K. (R may also be described as the 
unique minimal subtree of T containing all vertices of K.) Since K has 
cardinality /I, also R has cardinality /?. Since /3 > CI, R has a vertex u of 
degree > CI. (If all vertices in a connected graph J have degree < ~1, then it 
is easy to see that each distance class from any prescribed vertex has 
cardinality < c1 and hence J has cardinality d a.) Since each edge of R is in 
a path between two vertices of K, each edge e of R going out from u can 
be extended to a path P, (which is a directed path) which ends at a vertex 
u, in K. If e # e’, then P, and P,. have only 1( in common. In particular, 
u, # u,.. So, the set of vertices u,, where e is an edge going out from u, is 
a vertex set V in K of cardinality > a. Since K can be separated from any 
other component of L,, u L, u . . . . by deleting M edges it follows that u is in 
K. By the construction of Lk, there are y components in L, such that all 
edges between those components and Lkpl are incident with V. Since R 
has cardinality /?, at least one of these components in Lk, say H, is disjoint 
from R. There is no edge in T which is directed from H towards a vertex 
w  in V, since w  has only one incoming edge in T and that edge in in R. 
Since each vertex of V is accessible from u, H is strictly accessible from 
u. This proves the claim. 
Let H, be any component of L,. By the claim, there is a component H, 
in Lz which is strictly accessible from a vertex u1 in H,. Similarly, there is 
a component H3 in L, which is accessible from a vertex u2 in H, etc. In this 
way we define a sequence ui, ZQ, . . . of vertices such that ui+ i is in Li+ i and 
is accessible from ui, i = 1,2, . . . . Let Pi be the directed path in T from ui 
to z++i, i= 1,2, . . . . As H2 is strictly accessible from z+, none of P,, P3, . . . 
intersect H, . Hence Pz u P, u . . . is a one-way infinite path in the compo- 
nent of G-L, containing H,. As this argument holds for each component 
HI in L1, T has y pairwise one-way infinite paths. The proof shows a little 
more, as the claim in the proof can be extended: There is not just one, but 
in fact there are y components H in L, that are strictly accessible from u. 
Using this it is easy to see that T contains a subdivision of the tree in which 
each vertex has degree CL. 
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